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Abstract: It is already widely accepted the fact that the 
cutting process dynamics character can be chaotic, but also 
stochastic or periodic (when vibrations do appear). Chaotic 
models of the cutting process were developed and their 
applicability was also tested. The dynamics of chaotic 
systems & processes is usually investigated by using 
specific tools like Lyapunov exponent, phase portrait 
diagram or autocorrelation function. The challenge to 
which this paper aims to answer is to establish a possible 
correlation between the cutting process stability and the 
information obtained by using the upper mentioned tools to 
analyze the variation of one among its characteristic 
parameters. This might be the starting point for developing 
an intelligent system to control the machining system, in 
order to maximize its performances. 
Key words: cutting, stability, chaos, Lyapunov exponent, 
phase portrait, autocorrelation function. 
 
1. INTRODUCTION 
 
Undesired relative vibrations between the tool and the 
workpiece, during a cutting process, may severely 
degrade the quality of machined surface. Once the 
vibrations appeared, the easiest solution to eliminate 
them is to reduce the cutting regime parameters 
(cutting velocity, cutting width), but this obviously 
affects the manufacturing productivity. 
A cutting process is inherently nonlinear and may 
exhibit a wide range of complex behaviour due to 
frictional effects, delay dynamics or structural 
nonlinearities. Various experiments have confirmed 
the appearance of chaos in cutting processes (Grabec 
1988, Litak 2008, Wiercigroch 1997). During last 
years, a certain number of different nonlinear models, 
describing the machining process, have been 
proposed and analyzed (Correa 2000, Gradisek & 
Grabec 1999, Moon & Kalmar-Nagy 2001). 
An effective control of the vibrations in any normal 
working conditions is essential in machining 
technology domain; to enable it, finding a solution to 
evaluate the cutting process stability, by on-line 
monitoring of one or more of its characteristic 
parameters is very important. 
The aim of this paper is to find a possible connection 
between the cutting process dynamic character and the 

variation of one among its characteristic parameters, 
analyzed by using tools owning to Chaos Theory. We 
considered the straight turning and we chose the cutting 
force as cutting process characteristic parameter; based 
on the presumed chaotic character of the cutting process 
dynamics, we used the Lyapunov exponent, the phase 
portrait diagram and the autocorrelation function to do 
the investigations. 
By assuming that the cutting process and the cutting 
force have the same dynamic character at once, the 
variation of the cutting force main component, Fz, 
was monitored in time. Its values were measured and 
stored under time series form. After recording them 
as data files, they were prepared for processing, by 
extracting sequences of terms from each part of the 
time series which presented interest (vibrating 
regime, stable regime or transition regime). The 
Lyapunov exponent was determined, the phase 
portrait diagram was drawn and the autocorrelation 
function was calculated in each sequence case and the 
results were compared. 
Generally speaking, the investigation showed, after 
being accomplished, an obvious connection between 
the cutting process dynamic character and the results 
of the cutting force variation analysis by using 
chaotic specific tools, but still it is a lot of work to do 
in order to increase the conclusions accuracy. 
 
2. CHAOS THEORY SPECIFIC TOOLS  
 
2.1 Lyapunov exponent 
For a dynamical system, whose evolution is described 
through a time series consisting in values of a 
characteristic parameter, its sensibility to initial 
conditions is quantified by the largest Lyapunov 
exponent, which may be defined as 
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where ∆t is time series sampling period, dj(i) – the 
distance between the jth pair of nearest neighbors after 
i discrete time-steps, M – the number of reconstructed 
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points. A positive largest Lyapunov exponent is 
sufficient to diagnose chaos and represents local 
instability in a particular direction. 
 
2.2 Phase portrait diagram 
If a one degree-of-freedom mass is considered, 
having the displacement x(t) and the velocity v(t), its 
equation of motion, according to Newton’s law, can 
be written as 
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where m is the mass and f – the applied force. The 
phase plane is defined as the set of the points (x, v). 
A phase portrait is a geometric representation of 
dynamical system trajectories, in the phase plane 
(Fig. 1).  
 

 
Fig. 1.  Phase portrait for a chaotic motion [11] 

 
To each set of initial conditions, a different curve, or 
point is corresponding. Phase portraits are an 
invaluable tool in studying dynamical systems. They 
consist of a plot of typical trajectories in the state 
space. This reveals information such as whether an 
attractor, a repellor or a limit cycle is present for the 
chosen parameter value. 
 
2.3. Autocorrelation function 
A useful measure of the predictability of the motion 
is the autocorrelation function A, defined as 
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where T is very large compared to the dominant 
periods in the motion. 
An autocorrelation of a periodic signal produces a 
periodic function A (Fig. 2-a), while a chaotic signal 
shows ( ) 0A →τ  when ∞→τ  (Fig. 2-b). 
Modern signal processing electronics can calculate 

A(τ) in real time and thus, one can look for qualitative 
changes in A(τ) as some parameter is varied. 

 

 
Fig. 2.  Autocorrelation function: a – for a periodic motion; 

b – for a chaotic motion, [11]. 
 
3. EXPERIMENTS 
 
The experiments consisted in longitudinal turning 
four cylindrical workpieces from OLC 45 steel, by 
starting from a diameter of 80 mm. The cutting depth 
and feed were kept constant, while the rotation speed 
was successively modified in steps, in order to 
change the stable/unstable character of cutting 
process dynamics (Fig. 3).  

 

 
Fig. 3.  The experimental straight turning process 
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Fig. 4.  Time series of voltages corresponding to Fz force 

The experiments were carried-on on a SF-280 lathe 

A 

A 

τ 

τ b) 

a) 

Feed 

Rotation 

Cutting force 



 53 
whose turret tool-holder was replaced by a simple 
tool-holder fixed on a rotating plate. A Spider 8 data 
acquisition device was used to measure the cutting 
force main component, Fz (Fig. 4), the sampling time 
being of 1/9600 s; two strain gages were fixed in 
half-bridge on the cutting tool. 
Eight or nine consecutive machinings were done on 
workpieces’ surfaces, each one on the length of 7 mm 
(Fig. 5 … 8). The operating conditions are specified 
in Tab. 1 … 4. 
 

 

Fig. 5. Piece no.1 
 

Table 1.  Workpiece no.1 - operating conditions 
Surface 

no. 
Rotation speed 

[rot/min] 
Feed 

[mm/rot] 
Cutting depth 

[mm] 
1 1000 
2 900 
3 800 
4 700 
5 600 
6 500 
7 400 
8 300 
9 200 

 
 
 
 

0.25 

 
 
 
 
4 

 

 
Fig. 6. Piece no.2 

Table 2.  Workpiece no.2 - operating conditions 
Surface 

no. 
Rotation speed 

[rot/min] 
Feed 

[mm/rot] 
Cutting depth 

[mm] 
1 300 
2 275 
3 250 
4 235 
5 220 
6 210 
7 200 
8 185 
9 170 
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Fig. 7. Piece no.3 
 

Table 3.  Workpiece no.3 - operating conditions 
Surface 

no. 
Rotation speed 

[rot/min] 
Feed 

[mm/rot] 
Cutting depth 

[mm] 
1 700 
2 550 
3 450 
4 500 
5 350 
6 300 
7 325 
8 340 
9 345 

 
 
 
 

0.25 

 
 
 
 

3.5 

 

 
 

Fig. 8. Piece no.4 
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Table 4.  Workpiece no.4 - operating conditions 

Surface 
no. 

Rotation speed 
[rot/min] 

Feed 
[mm/rot] 

Cutting depth 
[mm] 

1 700 
2 650 
3 675 
4 550 
5 450 
6 350 
7 200 
8 150 

 
 
 

0.25 

 
 
 

3.75 

 
4. EXPERIMENTAL RESULTS ANALYSIS 
 
4.1 Cutting processes stability 
By examining the surfaces resulted after machining, 
we can observe quite well when significant vibrations 
did appear. In the case of the first piece, their traces 
can be seen on surfaces 3 … 8, at the second piece – 
on surfaces 1 … 5 and 8, at the third piece – on 
surfaces 3 and 5 and in the last case – on surfaces  
2 … 7. In fact, rotation speed and cutting depth 
variation during experiments was guided by insisting 
towards the transition between stable / unstable 
machining regime. 
The appearance of vibrations and their characteristics 
were also analyzed by drawing FFT diagrams, based 
on time series of the cutting force values, as they 
were measured, by using the MatLab soft. For 
example, in Fig. 9 there are presented two of them. 
 

a) 

b) 
 

Fig. 9. FFT diagrams drawn in the case of piece no.1  
a) rot. speed = 700 rot/min; b) rot. speed = 900 rot/min. 

 
In the first case, vibrations with peaks corresponding 

to two characteristic frequencies can be observed, 
while in the second, they are ten times weaker. 
 
4.2 Lyapunov exponents 
By using an original soft, dedicated to find the largest 
Lyapunov exponent in the case of experimentally 
measured time series, we calculated it in the case of 
each experiment, by extracting three sequences of 
500 points from sets of 5000 points, chosen at their 
turn from the zones with particular aspect in the 
diagrams giving the cutting force variation. 
When calculating the Lyapunov exponent of each 
sequence, the following input data were considered:  

- M = 500 reconstructed points;  
- The reconstruction delay J = 4;  
- The embedding dimension m = 2;  
- The number of discrete time steps i = 5. 

The results are presented under graphic form 
(Fig.10), grouped in four diagrams, each one of then 
corresponding to a worked piece; in all diagrams, in 
horizontal direction we have the number of the 
analyzed sequence, while in vertical direction it is 
indicated the Lyapunov exponent’s value. The 
numbers of the sequences are correlated to the 
rotation speed magnitude, on each piece’s case. 
As it can be observed, in almost all cases the exponent 
takes values between 0.3 and 0.5. Smaller values 
correspond to the situations when vibrations were 
present during machining, which is more evident at 
pieces no. 1 and 3. Higher values of the exponent show 
a chaotic dynamics of the cutting process.  
Normally, a perfect periodic dynamics of a certain 
process means a null Lyapunov exponent. The 
exponent values higher than zero also when 
vibrations are obvious, could have a possible 
explanation through the presence of a chaotic 
component even in these cases. 
 
4.3 Phase portraits 
Phase portraits were drawn in the cases of the same 
files that were used to calculate Lyapunov exponent, 
by using AutoLISP and AutoCAD softs. The pictures 
are presented in Fig. 11. In some cases, there were 
considered two or three stages of the same file, for a 
process evolution better understanding. The values 
mentioned on the pictures mean the surface number, 
corresponding to notations from Tables 1 … 4. 
In principle, three types of patterns can be observed if 
looking to all phase portraits: a pure cyclic form (e.g. 
piece no.3, surfaces 3, 5, piece no.4, surfaces 5 or 6), a 
cyclic form with modulations (e.g. piece no.1, surface 8, 
piece no.4, surfaces 2 or 7), or a scrambled form (e.g. 
piece no.1, surface 4, piece no.4, surfaces 3 or 4). 
It seems that the last two types of patterns appear 
when the system vibrates (their shape depending on 
the interferences which could manifest) while the first 
one is present, at different scale, when the system is 
stable or vibrates on a single frequency. 

F
or

ce
 

Frequency [Hz] 

Frequency [Hz] 

F
or

ce
 



 55 

0

0.1

0.2

0.3

0.4

0.5

0.6

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41

 
a) Piece no.1 
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b) Piece no.2 
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c) Piece no.3 
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d) Piece no.4 

 
Fig. 10. Diagrams showing Lyapunov exponent variation 

 
a) Piece no.1 

 
b) Piece no.3 

 
c) Piece no.4 

 
Fig. 11.  Reconstructed phase portraits 

 
4.4 Autocorrelation function 
The autocorrelation function was calculated and 
drawn, by using MatLab facilities, in the same cases 
as mentioned above. Because of space reasons, we 
are presenting only two examples, in Fig. 12. 
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    a) 

 
    b) 
Fig. 12.  Cutting force variation & autocorrelation function 

a – Piece no.3, surface 6; b – Piece no.4, surface 5 
 

As it can be observed, in conditions of stability (a), 
the autocorrelation function graphic has an aspect 
characteristic to chaotic dynamics, while when 
vibrations occur, the graphic looks dumped periodic. 
 
5. CONCLUSION 

 
After thoroughly examining the results and 
comparing the diagrams, some conclusions arise: 
- There is a certain causal relation between vibrations 
appearance during the machining processes and 
Lyapunov exponent values decrease; 
- This relation can be observed between different 
sample surfaces, but also during the same surface 
machining, when unstable regime gradually installs; 
- The relative diminishing of Lyapunov exponent 
when vibrations occur is about 10 … 30% (in few 
cases less than 10%); 
- In the cases of mixed vibrations regimes, when the 
prevalence of one or another vibration frequency 
changes, the effect on Lyapunov exponent value 
modification is harder to be noticed; 
- The cutting force phase portrait changes when 
cutting process pass from stable to unstable and there 
are certain similitudes between phase portraits 
corresponding to the same dynamic character but to 
different pieces and cutting regimes; 
-The autocorrelation function aspect is also connected 

to the stability of the cutting process. 
If the researches initiated as upper presented will be 
further carried on, in order to increase the precision 
of the correlation between the machining regime 
dynamic character and the Lyapunov exponent value, 
the phase portrait aspect or the autocorrelation 
function image, a tool to appreciate the position of 
the machining system operating point referred to the 
stability limit could be developed. Then, a new type 
of intelligent system to control the machining process 
stability could be imagined based on it. 
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